In this paper we aim at characterizing the effect of stochastic fluctuations on the distribution of the energy exchanged by a quantum system with an external environment under sequences of quantum measurements performed at random times. Both quenched and annealed averages are considered. The information about fluctuations is encoded in the quantum-heat probability density function, or equivalently in its characteristic function, whose general expression for a quantum system with arbitrary Hamiltonian is derived. We prove that, when a stochastic protocol of measurements is applied, the quantum Jarzynski equality is obeyed. Therefore, the fluctuation relation is robust against the presence of randomness in the times intervals between measurements. Then, for the paradigmatic case of a two-level system, we analytically characterize the quantum-heat transfer. Particular attention is devoted to the limit of large number of measurements and to the effects caused by the stochastic fluctuations. The relation with the stochastic Zeno regime is also discussed.
In this paper we aim at characterizing the effect of stochastic fluctuations on the distribution of the energy exchanged by a quantum system with an external environment under sequences of quantum measurements performed at random times. Both quenched and annealed averages are considered. The information about fluctuations is encoded in the quantum-heat probability density function, or equivalently in its characteristic function, whose general expression for a quantum system with arbitrary Hamiltonian is derived. We prove that, when a stochastic protocol of measurements is applied, the quantum Jarzynski equality is obeyed. Therefore, the fluctuation relation is robust against the presence of randomness in the times intervals between measurements. Then, for the paradigmatic case of a two-level system, we analytically characterize the quantum-heat transfer. Particular attention is devoted to the limit of large number of measurements and to the effects caused by the stochastic fluctuations. The relation with the stochastic Zeno regime is also discussed. A growing interest in thermodynamic properties of quantum systems emerged in the last decade [1, 2] . One of the main goals of such research activity is to devise and implement more efficient engines by exploiting quantum resources [3] [4] [5] [6] . In this direction, it has been explored the role of non-thermal states [7] and the capability of characterizing the statistics of the energy, which is exchanged by a quantum system in interaction with an external environment and/or measurement apparatuses [8] [9] [10] [11] [12] [13] .
Quantum measurements, at variance with classical ones, are invasive and are accordingly accompanied by stochastic energy exchanges between the measurement apparatus and the measured system. In this work we adopt the convention to call such energy exchanges quantum-heat [14] , and denote it by the symbol Q q , to distinguish it from the usual definition of the heat Q (i.e., the energy exchanged with a thermal bath) and the work W (i.e., the energy exchanged with a work source).
Randomness may appear in a measurement process, not only in the outcome of the measurement, but also in the time of its occurrence. Particularly interesting is the study of stochastic measurement sequences consisting in repeated interactions between a quantum system and a measurement apparatus occurring at random times [15] [16] [17] . Such sequences have been studied both theoretically and experimentally in the context of Zeno dynamics on an atom-chip [18] , while their ergodicity properties have been investigated in [19] .
In this paper, we study the statistics of the energy exchanged between a quantum system and a measurement apparatus, under the assumption that the interaction can be modelled by a sequence of projective measurements occurring instantly and at random times. Our system does not interact with a thermal bath nor with a work source, hence the energy exchanges is all quantum-heat, according to the definition introduced above. A direct consequence of previous studies [8, 9] is that when the projective measurements occur at predetermined times, the Jarzynski equality of quantum-heat is obeyed. Here, we observe that the same is true when there is randomness in the waiting time distribution between consecutive measurements. In particular, we investigate both the cases when the randomness is distributed as a quenched disorder and as annealed disorder [24] , for which we present the expression of the characteristic function. This can be understood based on the fact that the dynamics that dictate the evolution of the quantum system density matrix are unital [20] [21] [22] [23] .
Our general analysis is illustrated for a repeatedly measured two-level system, and we focus on the impact of randomness of waiting times on the average quantumheat absorbed by the system. As compared with the case of measurements occurring at fixed times, the two-level system exchanges more quantum-heat in the presence of randomness, when the average time between consecutive measurements is sufficiently small compared to its inverse resonance frequency. Furthermore, more quantum-heat is absorbed by the two-level system when randomness is distributed as annealed noise as compared to quenched noise. Finally, quite surprisingly, we find that even an infinitesimal amount of randomness is sufficient to induce a non-null quantum-heat transfer when a large number of measurements on the system Hamiltonian is performed.
The manuscript is organized as follows. Section II introduces the protocol of stochastic measurement sequences performed on the quantum system, while in Section III the statistics of quantum-heat is derived, as well as the corresponding quantum Jarzynski equality. In Section IV we show the application of the previous analysis to the two-level quantum system, providing analytical relations for the quantum-heat transfer. Finally, we discuss our results in Section V.
II. STOCHASTIC PROTOCOLS
We consider a quantum system S described by a finite dimensional Hilbert space H. We assume that the system is initially at t = 0 − in an arbitrary quantum state given a density matrix ρ 0 . The system Hamiltonian H is assumed to be time-independent and it reads:
where E n and |E n are its eigenvalues and eigenstates, respectively. The eigenstates of H are considered to be non-degenerate. At time t = 0 a first projective energy measurement occurs projecting the system in the state ρ n = |E n E n |, with probability p n = E n |ρ 0 |E n . Accordingly, the energy of the system at t = 0
+ is E n . Afterwards, the system S is repeatedly subject to an arbitrary but fixed number M of consecutive projective measurements of a
Here, the o k 's are the possible outcomes of the observable O, while {Π k } is the set of the projectors belonging to the measured eigenvalues. The projectors are Hermitian and idempotent unidimensional operator satisfying the relations Π k Π l = δ kl Π l and k Π k = I. According to the postulate of quantum measurement [25] , the state of the quantum system after a projective measurement is given by one of the projectors Π k . We denote by τ i the waiting time between the (i − 1) th and the i th measurement of O. Between those measurements the system undergoes the unitary dynamics generated by its Hamiltonian (1) , that is U(τ i ) = e −iHτi , where the reduced Planck's constant has been set to unity. The waiting times τ i are random variables and so is the total time T = M i=1 τ i , when the last, i.e. the M th , measurement of O occurs. This is immediately followed by a second measurement of energy that projects the system on the state ρ m = |E m E m |. The quantum-heat Q q absorbed by the system is accordingly given by:
In the following we shall adopt the notation τ = (τ 1 , . . . , τ M ) for the sequence of waiting time distributions, and k = (k 1 , . . . , k M ) for the sequence of observed outcomes from the measurement of O in a realisation of the measurement protocol. Given the sequences k, τ , the density matrix ρ n is mapped at time T into
where V( k, τ ) is the super-operator
and
III. QUANTUM-HEAT STATISTICS
The quantum-heat Q q is a random variable due to the randomness inherent to the measurements outcomes k, the stochastic fluctuations in the sequence of waiting times τ , as well as to the initial statistical mixture ρ 0 . Its statistics reads
where p m|n is the transition probability to obtain the final energy E m conditioned to have measured E n in correspondence of the first energy measurement. Denoting with p m|n ( k, τ ) the probability to make a transition from n to m conditioned on the waiting times and outcomes sequences k, τ , the overall transition probability p m|n reads
where p( τ ) is the joint distribution of τ . Observe that the conditioned transition probability p m|n ( k, τ ) is expressed in terms of the evolution super-operator V( k, τ ), so that
The quantum-heat statistics is completely determined by the quantum-heat characteristic function
where u ∈ C is a complex number. Such characteristic function could be directly measured by means of Ramsey interferometry of single qubits [26] [27] [28] , or by means of methods from estimation theory [29] . Accordingly, plugging (7) into (6) the quantum-heat statistics becomes
Moreover, as shown in the Appendix A1, substituting (10) in the definition (9) and using Tr
such that, being e iuEm |E m = e iuH |E m and E n | e −iuEn = E n | e −iuH , the quantum-heat characteristic function reads
In Eq. (12) the angular brackets mean quantummechanical expectation, i.e. · = Tr[(·)ρ], and the overline stands for the average over noise realisations:
In the special case when there is no randomness in the waiting times, i.e. if p( τ ) = δ
in agreement with the expression in Ref. [10] . The statistical moments of the quantum-heat are obtained from the derivatives of the quantum-heat generating function, according to the formula
where ∂ n u denotes the n−th partial derivative with respect to u. Explicit expressions for G(u) and Q n q will be derived in the following section for the paradigmatic case of a two-level quantum system.
As a side remark we observe that, since the characterization of the measurement operators is encoded in the super-operator V( k, τ ), Eq. (12) is valid also when a protocol of POVMs (excluding the first and the last measurements, performed on the energy basis) is applied to the quantum system. In such a case, the measurement projectors Π k are replaced by a set of Kraus operators
It is known that, when a quantum system prepared in a thermal state with inverse temperature β and subject to a time dependent forcing protocol and/or to a predetermined number of quantum projective measurements occurring at predetermined times τ , the following relation holds (Jarzynski equality):
where E m are the final eigenvalues of the timedependent system Hamiltonian H(t), ∆F
] denotes the freeenergy difference, and the initial state of the system has the Gibbs form
] is also called partition function. If the time-dependent forcing is turned off, as in the present investigation, then with fixed waiting times τ one has:
because, without driving, all the energy change in the quantum system can be ascribed to quantum-heat and, being the Hamiltonian time-independent, in that case ∆F = 0. For the sake of clarity, we recall that the notation e −βQq denotes a purely quantum-mechanical expectation with fixed waiting time sequence τ .
However, as main result, we can easily prove that this continues to hold also if the times between consecutive measurements are random. Indeed, using (12), we obtain
where we have used the property
which follows from the normalisation d M τ p( τ ) = 1, idempotence of projectors Π k Π k = Π k , cyclicity of the trace operation, and the unitarity of the quantum evolutions between consecutive measurements. Its mathematical significance is that the quantum channel that describes the unconditioned evolution from t = 0 to t = T
is unital, i.e. it has the identity I as a fixed point. It is this property that ensures the validity of the fluctuation relation (12) [20] [21] [22] [23] .
The fluctuation relation (12) can also be understood by noticing that, from Eq. (16), e −βQq = 1, in which the average is restricted to the sole realisations where the sequence τ occurs. The double average remains therefore equal to one: e −βQq = d M τ p( τ ) e −βQq = 1. Accordingly, we have shown, from one side, that the fluctuation relation is robust against the presence of randomness in the waiting times τ , and, on the other side, that such stochasticity shall not be a-posterior revealed by a measure of e −βQq with ρ 0 Gibbs thermal state, whatever are the values assumed by τ and p( τ ).
Finally, from an experimental point of view, e −βQq could be obtained by repeating for a sufficiently large number N of times the foregoing protocol of projective measurements, so that
where
is the value of quantum-heat, which is measured after the j−th repetition of the experiment. It is worthwhile to observe that, according the previous discussion, if not all the realizations of the distribution of the waiting times are present in the experimental measurements, but N is large enough, the Jarzynski equality given by the average (20) on the system trajectories is anyway satisfied.
IV. QUANTUM-HEAT TRANSFER BY A TWO-LEVEL-SYSTEM
In this Section, we analyze in detail e −βQq and the mean quantum-heat Q q , when a stochastic sequence of projective quantum measurements is performed on a two-level system. Let E + and E − denote its two energy eigenvalues. Being the first measurement of the protocol an energy measurement, we assume without loss of generality that the initial density matrix is diagonal in the energy eigenbasis:
with c 1 , c 2 ∈ [0, 1] and c 2 = 1 − c 1 , and we denote the eigenstates of the measured observable O as {|α j }, j = 1, 2, so that is Π j = |α j α j |. The projectors could be generally expressed as a linear combination of the energy eigenstates, i.e.
where a, b ∈ C, |a| 2 + |b| 2 = 1 and a * b = ab * . Analytical result for G(iβ) = e −βQq for a fixed waiting times sequence as a function of c1 for three real values of a (respectively, a = 0, 0.1, 0.5 -solid yellow, dotted blue and dashed red lines). The analytical predictions are compared with the numerical simulations (green crosses, blue x-marks, and red circles). The simulations have been performed by applying protocols of M = 5 projective measurements, averaged over 1000 realizations in order to numerically derive the mean of the exponential of work, with E± = ±1. The point in which all the analytical lines are crossing corresponds to take the initial density matrix of the system equal to the thermal state ρ th = e −βH /Z with β = 1.
Fixed waiting times sequence
We begin by considering the standard case where the waiting time τ between two consecutive measurements is constant. In this case
By computing the characteristic function (13) in u = iβ, we obtain
where the transition probability ν = ν(τ ) is expressed in terms of the function
The explicit calculation is reported in the Appendix A2.
In Fig. 1 we plot the quantity G(iβ) = e −iβQq as a function of c 1 for various values of a, which have been chosen to be real. We first observe that G(iβ) is a linear function of c 1 . This is confirmed by the numerical simulations of e −iβQq from the underlying protocol, which is in agreement with the analytical formula (24), except for some finite size errors. We further observe that, for an arbitrary value of a, G(iβ) is identically equal to 1 in correspondence of the value of c 1 for which ρ 0 = e −βH /Z, in agreement with Eq. (16). In Fig. 1 such condition is realized in the point where all the analytical lines are crossing.
Stochastic waiting times sequence

Quenched disorder
We consider here the case in which the time between consecutive measurements within a given sequence is fixed and only varies between distinct sequences. In other words, only the first waiting time of each sequence is chosen randomly from p(τ ) and, then, it is identically repeated M times within the sequence. Accordingly, the joint distribution p( τ ) reads
For the sake of simplicity, we assume that p(τ ) is a bimodal probability density function, with values τ (1) , τ (2) and probabilities p 1 and p 2 = 1 − p 1 . Accordingly, from Eq. (12) we have
|a| 2 e −βE + |b| 2 e βE |a| 2 e βE + |b| 2 e −βE (27) where d τ = 2 is the number of values that can be assumed by the random variable τ .
Annealed disorder
For an annealed disorder we assume that the waiting times (τ 1 , . . . , τ M ) = τ are random variables sampled from the same probability distribution p(τ ). Accordingly, the joint distribution of the waiting times is Assuming p(τ ) to be bimodal as above, the characteristic function at u = iβ reads (see Appendix A2):
|a| 2 e −βE + |b| 2 e βE |a| 2 e βE + |b| 2 e −βE
In Fig. 2 we plot it as a function of c 1 . The presence of the disorder does not affect the linear dependence of G(iβ) on c 1 , and it still equals to 1 in correspondence of the initial state being thermal with temperature 1/β. What the stochasticity effectively changes is the sensitivity of G(iβ) with respect to the initial state, parameterized by c 1 . In this regard, in the inset of Fig. 2 we show how the partial derivative ∂ c1 G(iβ) depends on the parameter |a| 2 that defines the measurement operator. We show results for fixed and stochastic (quenched and annealed) waiting time sequences with M = 5 measurements. The values of ∂ c1 G(iβ) are identically equal when |a| 2 = 0 and 1/2, and in the range 0 ≤ |a| 2 ≤ 1/2 they are symmetric with respect to the ones in the range 1/2 ≤ |a| 2 ≤ 1.
Mean quantum-heat
In the Appendix A2 we show the analytical expression of the n−th partial derivative of G(u) for the two-level system. By substituting u = 0 in ∂ u G(u), we find the mean value Q q , which is a linear function in the parameter c 1 both in the ordered and the stochastic case. In particular,
where φ ≡ E 1 − λ(τ ) , and λ(τ ) is given by the following relation:
As it can be observed, φ depends on the average of the parameter λ(τ ) w.r.t. the values that the waiting time τ can assume in a given sequence of the protocol according to p( τ ). Therefore, the (linear) dependence of the mean quantum-heat as a function of c 1 varies for different values of τ and corresponding probabilities. Being φ ≥ 0, the maximum value of Q q , i.e. Q q max , occurs at Q q = φ when c 1 = 0, while Q q = 0 when c 1 = 1/2 for any value of M , a and p( τ ). Moreover, Q q = 0 also when a = 0 or a = 1. This can be understood by noticing that the condition a = 0, 1 implies that the measured observable O coincides with the system Hamiltonian. In this case the system after the initial projection onto the state |E ± only acquires a phase during the free evolution while the subsequent measurements have no effect on the state. Thus, the quantum-heat is always vanishing (Q q = 0), and so it will be its average. For a sequence of measurements at fixed times one has λ(τ ) = λ(τ ), while for quenched and annealed disorder the average of λ(τ ) is respectively equal to
We will denote the mean quantum-heat in such cases respectively as Q q
and Q q
(an)
.
By changing the initial density matrix ρ 0 (i.e. c 1 ), the parameter a (related to the measurement bases) or the number M of measurements, the mean value of the quantum-heat assumes a value within the range [−φ, φ]. In particular, when the initial state is thermal, then Q q = βE(1 − λ(τ )) tanh(βE), as also shown in Ref. [10] for a sequence of measurements at fixed times. Moreover, we observe that Q q ≥ 0 if 0 ≤ c 1 ≤ 1/2, while it is Q q ≤ 0 for 1/2 ≤ c 1 ≤ 1. These two conditions correspond to two distinct regimes for the twolevel system: quantum-heat absorption, and quantumheat emission. Then, since Q q is a linear function passing through c 1 = 1/2, the quantum-heat transfer (heat absorption/emission) can be studied just by comparing the absolute value of the maximum quantum-heat, i.e. Q q max = φ, for sequences of measurements at fixed and stochastic times. This implies to determine the relations between λ(τ ), λ(τ ) (qu) and λ(τ ) (an) . We find that
(34) and
. Eq. (34) sets the condition allowing for the transfer on average of a greater amount of quantum-heat under the case of quenched noise as compared to the case of no noise. To better understand its physical meaning, let us consider τ (j) ∆E 1, j = 1, 2. One has
where τ 2 is the second statistical moment of p(τ ). If the condition (36) is not verified, then the application of a sequence of measurements at fixed times leads to a greater amount of transferred quantum-heat. Instead, for a given choice of p(τ ) and total number of measurements M , more quantum-heat is absorbed/emitted by the twolevel system in the case of annealed noise as compared to the quenched noise case. This agrees with the intuition that the system should heat-up more in case it is subjected to higher noise, and the annealed disorder is "noiser" than the quenched one. This evidences a phenomenon of noise-induced quantum-heat transfer, which we will be investigating further elsewhere. As final remark, it is worth mentioning that in recent studies on stochastic quantum Zeno dynamics [19, 30] , it has been shown that the survival probabilities that the system remains frozen in its initial state after performing ordered and stochastic sequences of measurements behave in the opposite way. In other words, the better the Zeno confinement is, the less quantum-heat is transferred by the system.
For M → ∞ the characteristic function tends to G ∞ (u) = (1 + e 2iuE )/2 − c 1 sinh(2iuE) for each value of a = 0 and it is exactly equal to 1 for |a| 2 = 0, 1. Therefore the M → ∞ asymptotic characteristic function G ∞ (u) presents a discontinuity at |a| 2 = 0, 1. Such a discontinuity is present also in the mean quantum-heat Q q . When |a| 2 → 0, 1 and M is finite, Q q → 0 for any value of c 1 , while for M → ∞ and |a| 2 = 0, 1 we get Q q → E(1 − 2c 1 ) = Q q ∞ . In this way, the M → ∞ asymptotic mean quantum-heat Q q ∞ can be easily expressed in terms of the M → ∞ asymptotic characteristic function G ∞ (u):
The existence of this discontinuity is a mathematical feature that is physically relevant when one performs many measurements (M → ∞) of the Hamiltonian (|a| 2 → 0, 1). Perfect measurements of the Hamiltonian (|a| 2 → 0, 1) are accompanied by vanishing quantumheat Q q ; however even an infinitesimal amount of noise in the measurement process results, in the limit of a very large number of measurements, in a finite amount of quantum-heat Q q ∞ = E(1 − 2c 1 ). Note that the latter is positive (negative) if the initial state is at positive (negative) temperature, i.e. c 1 > c 2 (c 1 < c 2 ).
Comparing the protocols at fixed T In the following we assume to fix the total time of the protocol and the mean waiting time τ . In particular, we impose that τ = τ . Fixing the total time T and the mean waiting time to τ allows us to compare between them the results about quantum-heat absorption/emission (according to the value of c 1 ), which are obtained by applying a sequence of measurements at stochastic or fixed waiting times within the same time interval, as it could be reasonably done in an experimental setup. In other words, we aim to observe if and when the quantum-heat transfer is enhanced by the presence of the stochasticity in the protocol.
Note that, if we fix the total time of the protocol, the number M of measurements becomes a random variable, fluctuating around the corresponding mean value M . In the limiting case of M → ∞, by comparing Eq. (30) in the ordered and stochastic cases, we find in the range 0 ≤ c 1 ≤ 1/2 that
whatever is the value of τ . In particular, when |a| 2 = 1/2, the mean quantum-heat reaches the maximum value E. By defining ∆λ ≡ λ − λ (an) , in Fig. 3 we plot ∆λ . By analyzing ∆λ, we are able to compare the maximum value of the mean quantum-heat which is transferred by a two-level quantum system subject to different protocols of projective measurements. In the numerics, we have chosen ∆E = 1, τ (1) = 0.1, τ (2) = 1.5 and
as a function of τ by choosing τ (1) = 0.1 and τ (2) = 1.5
with ∆E = 1. ∆λ compares Q q max with Q q (an) max , and, particularly, ∆λ < 0 implies an enhancement of the mean quantum-heat transfer under the effects of a stochastic protocol. In Fig. 3 , when the range of values of τ is smaller than the energy splitting ∆E ≡ E + −E − , ∆λ < 0 for a wide set of different final times T . This property, valid when τ ∆E 1, can be considered as a further peculiarity of protocols given by sequences of measurements in the recently introduced stochastic Zeno regime [15] . Therefore, although there exist cases in which ∆λ as a function of τ is always smaller than zero (e.g. by choosing τ
(1) = 0.1, τ (2) = 0.5 and ∆E = 1), in general the application of a stochastic protocol of measurements does not involve a stronger absorption/emission of quantum-heat with respect to those at fixed waiting times, and, thus, they could be employed to carry out specific control tasks on the quantum system. As additional remark, let us note that, being λ (an) ≤ λ (qu) , if ∆λ ≤ 0 then also λ ≤ λ (qu) ; hence, these considerations are also valid in the quenched disorder case.
In Fig. 4 , we show the behavior of the maximum value of the mean quantum-heat Q q (an) max as a function of ∆E τ in the range 0 ≤ c 1 ≤ 1/2. Notice that if p 1 = 0 or 1, then the results will have to be referred to a sequence of measurements with fixed waiting times with τ , respectively, equal to τ (1) and τ (2) . In this latter case, Q q (an) max is zero when ∆E τ = nπ, so as to exhibit a resonance in such points. The reason is that the dynamics between consecutive measurements, being defined by an unitary evolution operator, is periodic with period 2π/∆E. However, by introducing stochastic contributions in the waiting times between measurements (p 1 = 0, 1), such periodicity gets lost, as well as the resonant behavior of
max . The only exception, as shown in the figure, is given when the ratio between p 1 and p 2 is commensurable with the ratio between τ
(1) and τ (2) . Hence, to conclude, in correspondence of the points where ∆E τ = nπ one has ∆λ < 0, so that Q q (an) max > Q q max .
V. CONCLUSIONS
We studied the statistics of quantum-heat in a quantum system subjected to a sequence of projective measurements of a generic observable. We have investigated the case when the time interval between consecutive measurements is a random variable. Previous works [9, 28] considered predetermined waiting times, showing that the quantum-heat obeys a integral fluctuation theorem reading like the Jarzynski equality where quantum-heat replaces the work. Here, we have shown that this continues to hold also when the waiting times are random. This result can be understood by noticing that the corresponding quantum dynamics is unital.
We have illustrated the theory for a two-level system, for which we have provided the explicit expressions of the characteristic function of quantum-heat. We have investigated both the annealed and the quenched distributions of waiting times. Interestingly, in the annealed case the quantum heat transferred by the two-level system to the heat bath is larger than the heat transferred in the quenched noise. Moreover, a larger transfer of quantum-heat can be observed in the stochastic case with respect to considering a sequence of measurements with fixed waiting times when the range of values of τ is smaller than the one related to the energy splitting ∆E, under the condition that τ = τ (and therefore T ) is fixed. The latter condition can be referred to that of the stochastic quantum Zeno regime [15, 17, 19] . Accordingly, our result reflects the intuition that a larger amount of noise in the waiting times between consecutive measurements of a given protocol is accompanied by a larger quantum-heat transfer. Finally, we have found the existence of a discontinuity in the characteristic function G(u) when the protocol relies on the application of a large enough number of measurements of the Hamiltonian, i.e. M → ∞ and |a| 2 → 0, 1. This means that, in this limit, even an infinitesimal amount of noise in the measurement process will result into a finite amount of quantum-heat.
Quenched disorder
Inserting the expression of the joint distribution
into Eq. (7) in the main text, we obtain for the transition probability p m|n the expression
. Accordingly, the corresponding quantum-heat probability distribution is equal to
so that the characteristic function G(u) reads
where we used the relation
Finally, using
we obtain
i.e. Eq. (12) in the main text for the quenched disorder case.
Annealed disorder
In case the stochasticity between consecutive projective measurements is distributed as an annealed disorder, the joint distribution of the waiting times is
so that the transition probability p m|n is given by
(49) The latter corresponds to a multiple integral defined over the waiting times τ , where
As a result, the quantum-heat probability distribution P (Q q ) and the corresponding characteristic function G(u) can be written, respectively, as
Accordingly, by using again the relations of Eq. (46), we can derive the expression of G(u) as
i.e. Eq. (12) in the main text, where the angular bracket denote quantum-mechanical expectation, while the overline stands for the average over the noise realizations.
A2. Analytical G(u) for a two-level system
Fixed waiting times sequence
Let us consider a sequence of projective measurements applied to a n−level quantum system at fixed waiting times. We denote with τ the (fixed) time between consecutive measurements. The characteristic function of the quantum-heat is given by Eq. (13), which can be rewritten as:
For a two-level system an explicit expression for G(u) can be derived. To this end, we assume, without loss of generality, that the system energy values E ± are equal to ±E and, then, we make use of the energy eigenvalue equation, i.e. H|E ± = E ± |E ± , so as to obtain
where {|α j }, j = 1, 2, is the basis, defining the projective measurements of the protocol. The elements of the basis {|α j } are chosen as linear combinations of the energy eigenstates |E ± , see Eq. (22) . The transition matrix L turns out to be
and ∆E ≡ (E + − E − ) = 2E. By using the decomposition of the initial density matrix ρ 0 in the energy basis, Eq. (21)), and again Eq. (22), it holds that 
It is worth noting that the characteristic function G(u) admits a discontinuity point in correspondence of |a| 2 → 0, 1 and M → ∞. In particular, when |a| 2 → 0, 1 and a finite number M of measurements is performed, G(u) is identically equal to 1. Conversely, under the asymptotic limit M → ∞, the characteristic function does not longer depend on a and it equals to
so that G(iβ) = (1 + e −2βE )/2 + c 1 sinh(2βE). The transition matrix L admits as eigenvalues the values 1 and (1 − 2ν) < 1 .Thus, after the eigendecomposition of the transition matrix, for M → ∞ one finds that
Stochastic waiting times sequence
Here we take into account a sequence of projective measurements with stochastic waiting times τ k , k = 1, . . . , M , sampled by a bimodal probability density function p(τ ).
The explicit expression of the characteristic function in the presence of quenched disorder can be derived from Eqs. (12) 
and d τ = 2 is the number of values that can be assumed by τ . As discussed in the main text, also in this case the characteristic function admits a discontinuity point in correspondence of |a| 2 → 0, 1 and M → ∞. As before, when |a| 2 → 0, 1 and a finite number M of measurements is performed, G(u) is identically equal to 1; while for M → ∞ the characteristic function does not longer depend on a and it equals again to
as we obtained in the non-stochastic case. Indeed, the transition matrix L τ (j) admits as eigenvalues the values 1 and (1 − 2ν j ) < 1, so that for M → ∞ one has Finally, we repeat the latter derivation when the stochasticity between measurements is distributed as annealed disorder. In this regard, the characteristic function can be written as
